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Abstract. In strongly coupled plasmas, the orientation phenomena for direct 1s → 2p±1 excitations in
electron-hydrogenic ion collisions are investigated using the ion-sphere interaction potential. For small
impact parameters, the orientation parameters have minima which correspond to the complete 1s → 2p−1

transitions. The target screening effects slightly increase the probability of populating the 2p−1 state.

PACS. 52.20.Fs Electron collisions

1 Introduction

Electron-ion collisions [1–6] in plasmas have been exten-
sively studied in recent years since these processes can be
used for plasma diagnostics. The orientation and align-
ment phenomena in electron-atom and electron-ion col-
lisions have been actively investigated, since these phe-
nomena provide detailed information on the mechanism
of collisional excitation of target atoms and ions [7–9].
A recent experimental investigation shows the possibil-
ity of the detection of radiative transitions from the ex-
cited p±1(m = ±1) states to the ground state [10]. The
orientation phenomena in plasmas could provide detailed
information about the plasma parameters. The orienta-
tion phenomena for s-p electron-ion excitations in weakly
coupled plasmas [11,12] have been investigated using the
non-spherical Debye-Hückel model. It has been found that
the plasma-screening effect appreciably reduces a favor-
ing of the s → p−1 transition for high-energy projectiles.
However, the orientation phenomena in strongly coupled
plasmas have not been investigated. A most typical ex-
ample of strongly coupled classical plasma may be seen
in the system of ions inside a highly evolved star [13].
Thus, in this paper we investigate the orientation phe-
nomena for direct 1s → 2p±1 electron-ion excitations in
strongly coupled plasmas using the ion-sphere model. The
ion-sphere model [14,15] has played an important part in
elucidating the properties of the strongly coupled plasma.
The ion-sphere model has been widely used to investigate
the atomic processes in strongly coupled plasmas, such
as elastic [16] and inelastic [3] collision processes. The
ion-sphere model is also applied to the electron capture
processes from hydrogenic ions by fully stripped ions in
strongly coupled plasmas [17]. Recently, bremsstrahlung
in electron-ion Coulomb scattering in strongly coupled
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plasmas was investigated using the ion-sphere model with
the hyperbolic-orbit trajectory method [18]. Thus, we use
an appropriate form of the ion-sphere model to represent
the interaction between the projectile electron and tar-
get ion in strongly coupled plasmas. In this paper, we use
the semiclassical straight-line (SL) trajectory method [2,
19] to describe the motion of the projectile electron and
to visualize the plasma-screening effect on the orientation
parameters. The screened wave functions and energies of
the target ion in strongly coupled plasmas are obtained
by the Ritz variation method [20]. The orientation pa-
rameters (L⊥) [8,11,12] for direct 1s → 2p±1 excitations
are obtained as functions of the impact parameter (b) and
ion-sphere radius (RZ). The results show that the prob-
ability of populating the 2p−1 state tends to dominate
over the probability of populating the 2p+1 state in pla-
nar collisions, due to a propensity rule [8]. The proba-
bility of populating the 2p−1 state is increased with an
increase of the projectile energy. However, near the ion-
sphere boundary (b ≈ RZ), the probability of populat-
ing the 2p−1 state is almost equal to that of populating
the 2p+1 state, i.e., L⊥ ≈ 0. For small impact parameter
domain, the orientation parameters have minima which
correspond to the complete 1s → 2p−1 transitions since
the 1s → 2p+1 transition probabilities are quite small for
b < aZ , where aZ (≡ a0/Z = �

2/Zme2) is the Bohr radius
of a hydrogenic ion with nuclear charge Z. The plasma-
screening effect on the bound electron in target ion slightly
increases a favoring of the 1s→ 2p−1 transition. It is also
found that the target screening effects are more important
for the case of the small ion-sphere radius and slightly in-
creased with increasing the projectile energy. These results
provide a general description of the orientation phenom-
ena for s-p excitation in strongly coupled plasmas.

In section 2, we derive a closed form of the semiclassi-
cal transition amplitude for direct 1s → 2p±1 excitations
in electron-hydrogenic ion collisions in strongly coupled
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plasmas using the ion-sphere model and the semiclassi-
cal SL path approximation. In section 3, we obtain the
screened wave functions and energies of the bound electron
in target ion using the Ritz variation method. In section 4,
we obtain the transition probabilities and orientation pa-
rameters for direct 1s → 2p±1 excitations as functions of
the impact parameter and ion-sphere radius. We also in-
vestigate the variation of the orientation parameter with
a change of the projectile energy and ion-sphere radius.
Finally, in section 5, a summary and discussion are given.

2 Transition amplitudes for 1s → 2p±1

excitations

From a first-order semiclassical approximation, the cross-
section [21] for excitation from an unperturbed atomic
state |n〉[≡ Ψnlm(r)] to an excited state |n′〉[≡ Ψn′l′m′(r)]
is given by

σn′,n = 2π
∫
b db

∣∣Tn′,n(b)
∣∣2 , (1)

where b is the impact parameter and Tn′,n(b) is the tran-
sition amplitude,

Tn′,n = − i

�

∫ ∞

−∞
dt eiωn′,nt〈n′|V (r,R)|n〉 , (2)

where ωn′,n ≡ (En′ − En)/�, and En and En′ are the en-
ergies of atomic states n and n′, respectively. This semi-
classical impact parameter method has a strong appeal in
aiding the physical intuition. Usually, calculations based
on this method are mathematically more tractable than
fully quantum-mechanical treatments.

In strongly coupled plasmas, the Debye number be-
comes smaller than unity; the concept of Debye screen-
ing as a cooperative phenomenon is no longer applica-
ble. The probability of finding other charged particles in
a Debye sphere almost vanishes. Hence, the Debye-Hückel
model is not reliable to describe the interaction potential
in strongly coupled plasmas. To understand salient fea-
tures of such a strongly coupled plasma, it is instructive
to introduce the ion-sphere model [14]. It is equivalent to
the Wigner-Seitz sphere used in condensed-matter theory.
The ion-sphere consists of a single ion and its surround-
ing negative-charge sphere. For simplicity, we assume that
the target is a hydrogenic ion target with nuclear charge Z
placed in a strongly coupled plasma. Then, the interaction
potential V (r,R) obtained by the ion-sphere model [14,
16] becomes

V (r,R) =
(
−Ze

2

R
+

e2

|R − r|
)

×
[
1 − R

2RZ

(
3 − R2

R2
Z

)]
θ(RZ −R), (3)

where r and R are the positions of the bound electron
and the projectile electron, respectively, and θ(x) (= 1 for

x ≥ 0; = 0 for x < 0) is the step function. The ion-sphere
radius RZ is given by the plasma electron density ne,

RZ = [3(Z − 1)/4πne]1/3, (4)

since the total charge within the sphere is neutral. This
ion-sphere potential (Eq. (3)) is designed so that poten-
tial and its first derivative vanish at the ion-sphere radius.
Thus, in strongly coupled plasmas, screening is better de-
scribed by this ion-sphere picture, in which the stationary
hydrogenic ion of total charge Z−1 is surrounded by Z−1
electrons, uniformly distributed throughout the ion-sphere
radius.

For electron-impact excitation processes (n �= n′), i.e.,
inelastic collisions, the electron-nucleus interaction term
does not contribute to the transition amplitude due to
orthogonality of the initial and final states of the target
system. Then the transition amplitudes for 1s → 2p±1

(m = ±1) excitations become

T2p±1,1s = − ie
2

�

∫ ∞

−∞
dt e

iω
2p±1,1st/�

×
[
1 − R

2RZ

(
3 − R2

R2
Z

)]
V 2p±1,1s, (5)

where V 2p±1,1s are the transition matrix elements

V 2p±1,1s =
∫

d3 rΨ∗
2p±1

(r)
1

|R − r|Ψ1s(r). (6)

Using the addition theorem [22] with spherical harmonics
Ylm:

1
|R − r| =

∞∑
l=0

l∑
m=−l

4π
2l + 1

rl
<

rl+1
>

Ylm(r̂)Y ∗
lm(R̂), (7)

where r<(r>) is the lesser (greater) of r and R, the tran-
sition matrix elements can be written as

V 2p±1,1s =
√

4π
3

Y ∗
1±1(R̂)

×
[

1
R2

∫ R

0

r3drR2p(r)R1s(r)+R
∫ RZ

R

dr R2p(r)R1s(r)

]
, (8)

where R1s(r) and R2p(r) are the radial 1s and 2p target
wave functions, respectively. The plasma-screening effects
on these radial wave functions will be discussed in sec-
tion 4. The first term in equation (8) vanishes in the long-
range dipole approximation (R > r). However, we shall
keep this term to investigate the close-encounter effect [12]
on the transition amplitudes and orientation parameters
for small impact parameters.

3 Atomic wave functions and energies

3.1 Schrödinger equation

When an atom is embedded in plasmas, its wave functions
and energies are different from those of a free atom because
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the nucleus is shielded by the surrounding plasma. Then,
the radial Schrödinger equation for a hydrogenic ion with
nuclear charge Z in uniformly distributed strongly coupled
plasmas would be given by[
− �

2

2m

(
d2

dr2
− l(l + 1)

r2

)
− Znle

2

r

]
Pnl(r)=EnlPnl(r), (9)

where Pnl(r) and Enl are the radial wave function and the
energy of the nl-th shell electron. Here Znl is the effective
charge of the nl-th shell electron:

Znl = Z − δnl(Z,RZ), (10)

where the screening constant δnl(Z,RZ) is determined by
the surrounding plasma electrons within the nl-th shell
effective Bohr radius n2aZnl

(≡ n2a0/Znl):

δnl(Z,RZ) = 4π
∫ n2aZnl

0

r2 dr ne(RZ). (11)

Here we consider a simple analytic method to obtain the
solutions of equation (9) because the simple analytic solu-
tions are, of course, more convenient to use for calculating
the transition matrix elements. The normalized trial 1s
and 2p wave functions are given, respectively, as follows:

P1s(r) ≡ rR1s(r) = 2α−3/2
1s re−r/α1s , (12)

P2p(r) ≡ rR2p(r) =
1

2
√

6
α
−5/2
2p r2e−r/2α2p , (13)

where α1s and α2p are the 1s and 2p variation parameters
and α1s = α2p → aZ for vanishing plasma screening effects
(RZ → ∞). These parameters will be determined in the
following sections.

3.2 Ground (1s) state

The expectation value of the ground-state energy is given
by equations (9) and (12):

〈E1s(α1s)〉 =
�
2

2mα21s

− (Z − δ1s)e2

α1s
. (14)

Here the parameter α1s is obtained from the minimization
of 〈E1s(α1s)〉, i.e., ∂〈E1s(α1s)〉/∂α1s = 0:

α1s =
aZ

1 − δ1s/Z
. (15)

From equations (4) and (11) and using the perturbation
method since δ1s < Z, the 1s screening constant δ1s is
found to be

δ1s
∼= (Z − 1)(aZ/RZ)3

1 − 3(1 − 1/Z)(aZ/RZ)3
. (16)

Then the approximate solution for α1s is

α1s
∼= η1saZ , (17)

where η−1
1s ≡ 1 − (1 − 1/Z)(aZ/RZ)3. Here η1s represents

the plasma-screening effect on the ground state. Then,
the ground-state energy is obtained from equations (14)
and (15):

〈E1s〉 = − (Z − δ1s)e2

2α1s
. (18)

3.3 Excited (2p) state

As in the previous section, the expectation value of the 2p
state energy is given by equations (9) and (13):

〈E2p(α2p)〉 =
�
2

8mα22p

− (Z − δ2p)e2

4α2p
. (19)

The parameter α2p is also obtained from the minimization
of 〈E2p(α2p)〉, i.e., ∂〈E2p(α2p)〉/∂α2p = 0:

α2p =
aZ

1 − δ2p/Z
. (20)

From equations (4) and (11) and also using the perturba-
tion method, the 2p screening constant δ2p is given by

δ2p
∼= (Z − 1)(4aZ/RZ)3

1 − 3(1 − 1/Z)(4aZ/RZ)3
. (21)

Then the approximate solution for α2p becomes

α2p
∼= η2paZ , (22)

where η−1
2p ≡ 1− (1−1/Z)(4aZ/RZ)3. Here η2p represents

the target screening effect on the 2p excited state. The
2p state energy can also be obtained from equations (19)
and (20):

〈E2p〉 = − (Z − δ2p)e2

8α2p
. (23)

4 Orientation parameters

From equations (8), (12), (13), (17), and (22), the 1s →
2p±1 transition matrix elements V 2p±1,1s are given by

V 2p±1,1s =
8
√

6π
3

η
−3/2
1s η

−5/2
2p

β2a4Z

Y ∗
1±1(R̂)
R2

×
[

1 −
(

1 + βR +
1
2
β2R2 +

1
8
β3R3

)

×e−βR − 1
24
β3R3(1 + βRZ)e−βRZ

]
, (24)

where βaZ ≡ η−1
1s + (2η2p)−1.

To describe the projectile motion, we assume that the
projectile electron is moving on a SL trajectory in the so-
called natural coordinate frame [8,12] in which the axis
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of quantization z is chosen perpendicular to the collision
plane. Then the position of the projectile electron can be
written as a function of time t and the impact parameter b,

R(t) = vtx̂+ bŷ, (25)

where v is the velocity of the projectile electron. Here
t = 0 is arbitrarily chosen as the instant at which the pro-
jectile electron makes its closest approach to the target
ion. Under these circumstances, in 1s → 2p excitation,
conservation law prohibits the 1s → 2p0 (m = 0) tran-
sition; only m = ±1 substates (2p±1) of the 2p level are
possible. In this natural coordinate frame, the spherical
harmonic Y ∗

1±1(R̂) becomes

Y ∗
1±1(R̂) = ∓

√
3

8π
(vt∓ ib)

R
. (26)

Then, the T2p±1,1s transition amplitudes without using the
dipole approximation become

T2p±1,1s = ±4ie2

�

η
−3/2
1s η

−5/2
2p

β2a4Z

×
∫ tZ

−tZ

dt eiω±t (vt∓ ib)
R3

(
1 − 3R

2RZ
+

R3

2R3
Z

)
×

[
1 −

(
1 + βR +

1
2
β2R2 +

1
8
β3R3

)

×e−βR − 1
24
β3R3(1 + βRZ)e−βRZ

]
, (27)

where tZ = (R2
Z − b2)1/2/v due to the cutoff radius RZ

of the ion-sphere model and ω± (≡ ω2p±1,1s) = e2∆/�aZ

with

∆ = − (Z − δ2p)
8η2p

+
(Z − δ1s)

2η1s
. (28)

Here we introduce the dimensionless time τ (≡ vt/aZ)
and the scaled kinetic energy of the incident electron
ε (≡ mv2/2Z2Ry), then the transition amplitudes T±
(≡ T2p±1,1s) including the target screening effects are
found to be

T S
±(b̄, RZ , Z, ε) = ∓8η−3/2

1s η
−5/2
2p

β
5
Z
√
ε

×
∫ √

R
2
Z−b̄2

0

dτ
τ sin

(
∆τ

Z
√
ε

)
∓ b̄ cos

(
∆τ

Z
√
ε

)
R
3

×
(

1 − 3R
2RZ

+
R
3

2R
3

Z

)

×
[

1 −
(

1 + β R +
1
2
β
2
R
2

+
1
8
β
3
R
3
)

×e−βR − 1
24
β
3
R
3
(1 + β RZ)e−β RZ

]
, (29)

where β (≡ βaZ) = η−1
1s + (2η2p)−1, R =

√
b̄2 + τ2, RZ

(≡ RZ/aZ) is the scaled ion-sphere radius, and b̄ (≡ b/aZ)
is the scaled impact parameter. If we neglect the target
screening effects, i.e., η1s = η2p → 1, β → 3/2, and ∆ →
3Z/8, the transition amplitudes become

TNS
± (b̄, RZ , Z, ε) = ∓ 28

35Z
√
ε

×
∫ √

R
2
Z−b̄2

0

dτ
τ sin

(
3τ

8
√
ε

)
∓ b̄ cos

(
3τ

8
√
ε

)
R
3

×
(

1 − 3R
2RZ

+
R
3

2R
3

Z

)

×
[

1 −
(

1 +
3
2
R +

9
8
R
2

+
27
64
β
3
R
3
)

×e−3R/2 − 9
64
R
3
(

1 +
3
2
RZ

)
e−3RZ/2

]
. (30)

The orientation parameter is defined as

L⊥(b̄, RZ , Z, ε) =

|T+(b̄, RZ , Z, ε)|2 − |T−(b̄, RZ , Z, ε)|2
|T+(b̄, RZ , Z, ε)|2 + |T−(b̄, RZ , Z, ε)|2

. (31)

This quantity L⊥(b̄, RZ , Z, ε) is a measure of the expec-
tation value of the transferred orbital angular momen-
tum to the bound electron in target ion due to the direct
1s → 2p±1 excitations. Since the line intensity ratios are
directly related to the 1s→ 2p±1 excitation rates [23], the
orientation parameter is connected to the relative number
of coincidences for RHC (right-hand circularly polarized
light) and LHC (left-hand circularly polarized light) pho-
tons emitting due to the radiative decay from the excited
2p−1 and 2p+1 states to the ground 1s state.

In order to explicitly investigate the orientation pa-
rameter for direct electron-ion excitations, we consider the
hydrogenic ion target with nuclear charge Z = 10. Here we
consider three cases of the ion-sphere: RZ = 10, 20, and
40 and two cases of the projectile energies: ε = 9 and 25
since the semiclassical SL trajectory method is known to
be valid for the high-energy condition ε > 7 [24]. Figure 1
shows the orientation parameters for direct 1s → 2p±1

excitations as functions of the scaled impact parameter
and ion-sphere radius. The probability of populating the
2p−1 state dominates the probability of populating the
2p+1 state in planar collisions, due to a propensity rule.
However, for large impact parameter domain, i.e., near
the ion-sphere boundary, the probability of populating
the 2p−1 state is almost equal to that of populating the
2p+1 state, i.e., L⊥ ≈ 0. The probability of populating
the 2p−1 state is increased with an increase of the pro-
jectile energy. For small impact parameter domain, the
orientation parameters have minima which correspond to
the complete 1s → 2p−1 transitions since the 1s → 2p+1
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Fig. 1. The orientation parameters L⊥(b̄, RZ , Z, ε) for direct
1s → 2p±1 excitations for RZ = 10, 20, and 40. The solid
lines represent the orientation parameters including the target
screening effects. The dashed lines represent the orientation
parameters neglecting the target screening effects. ((a) ε = 9;
(b) ε = 25.)

transition probabilities are quite small for b̄ < 1. Recently,
these phenomena were also found in weakly coupled plas-
mas described by the Debye-Hückel model including the
close-encounter effects [12]. Since the orientation param-
eter (Eq. (31)) is obtained by the transition amplitudes
(Eq. (27)) including the close-encounter effects, i.e., with-
out using the dipole approximation, the results for small
impact parameter domain would be quite reliable. It has
been known that the behavior of the orientation param-
eters using the dipole approximation, i.e., neglecting the
close-encounter effects is quite different from that includ-
ing the close-encounter effects [11]. A recent investiga-
tion [12] shows that the close-encounter effects are quite
useful to investigate the behavior of the transition prob-
abilities for small impact parameters. The minima phe-
nomena [25] are also found in the Lorentzian distribution
plasma for all values of the spectral index κ including
the close-encounter effects. Numerical values of the ori-
entation parameters at the midpoint b̄1/2 (≡ RZ/2) are
listed in Tables 1 and 2. As we see in these tables, the
plasma-screening effects on the bound electron in target

Table 1. The orientation parameters L⊥(b̄, RZ , Z, ε) for direct
1s → 2p±1 excitations at b̄1/2 (≡ RZ/2) for ε = 9.

RZ LS
⊥(ε = 9)

a LNS
⊥ (ε = 9)b

10 −0.3120 −0.3004
(at b̄ = 5) (at b̄ = 5)

20 −0.5566 −0.5545
(at b̄ = 10) (at b̄ = 10)

40 −0.8860 −0.8858
(at b̄ = 20) (at b̄ = 20)

a The orientation parameters given by equations (29) and (31)
(including the target screening effects).
b The orientation parameters given by equations (30) and (31)
(neglecting the target screening effects).

Table 2. The orientation parameters L⊥(b̄, RZ , Z, ε) for direct
1s → 2p±1 excitations at b̄1/2 (≡ RZ/2) for ε = 25.

RZ LS
⊥(ε = 25)

a LNS
⊥ (ε = 25)b

10 −0.1900 −0.1823
(at b̄ = 5) (at b̄ = 5)

20 −0.3523 −0.3508
(at b̄ = 10) (at b̄ = 10)

40 −0.6426 −0.6423
(at b̄ = 20) (at b̄ = 20)

a The orientation parameters given by equations (29) and (31)
(including the target screening effects).
b The orientation parameters given by equations (30) and (31)
(neglecting the target screening effects).

ion slightly increase the probability of populating the 2p−1

state. It is worth noting that the target screening effects
are more important for the case of the small ion-sphere
radius (e.g., ∼= 3.9% for RZ = 10 and ε = 9, ∼= 0.4%
for RZ = 20 and ε = 9) and also slightly increased with
increasing the projectile energy. Recently, there has been
an experimental evidence [10] for detecting the relative
number of coincidences for RHC and LHC photons from
atom-ion collisional excitations. So, in the future, we may
detect and resolve the relative number of RHC and LHC
photons due to the 1s → 2p±1 electron-ion excitations in
strongly coupled plasmas.

5 Summary and discussion

In this paper, we investigate the orientation phenomena
for direct electron-hydrogenic ion collisions in strongly
coupled plasmas using the ion-sphere interaction poten-
tial. The semiclassical straight-line trajectory method is
applied to treat the projectile electron as a classical point
particle and the target wave functions are obtained us-
ing the Ritz variation method. Without using the dipole
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approximation, the orientation parameter for direct 1s→
2p±1 excitation is obtained as a function of the impact pa-
rameter and ion-sphere radius. The results show that the
probability of populating the 2p−1 state tends to dom-
inate over the probability of populating the 2p+1 state
in planar collisions in the natural coordinate frame. How-
ever, for large impact parameter domain the probability of
populating the 2p−1 state is almost equal to that of pop-
ulating the 2p+1 state so that the orientation parameter
becomes zero. It is also found that the probability of pop-
ulating the 2p−1 state is increased with an increase of the
projectile energy. For small impact parameter domain, the
orientation parameters have minima which correspond to
the complete 1s → 2p−1 transitions since the 1s → 2p+1

transition probabilities are quite small since the transition
matrix elements include the close-encounter effects. The
plasma-screening effects on the bound electron in target
ion slightly increase the probability of populating the 2p−1

state. The target screening effects are found to be more
important for the case of the small ion-sphere and slightly
increased with increasing the projectile energy. Since the
line intensity ratios are directly related to the ratio of the
1s→ 2p±1 excitation rates, the orientation parameter for
the 1s → 2p±1 excitations would be expected to prove
the information of the plasma parameter in strongly cou-
pled plasmas. These results provide a general description
of the orientation phenomena for s-p excitation in strongly
coupled plasmas.
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